OLIMPIADA NATIONALA DE MATEMATICA
Etapa locald - 01. 02. 2020
BAREM DE CORECTARE - Clasa a XI -a

PROBLEMA 1.
Fie A € M,(R*),n € Nimpar
Dac3d A- A = I, ardtati ca det(4%? — I,,)) = 0,unde A! este transpusa maticei A

Solutie:

det(A? —I1,) = det(A> —A-AY) =det(A) -det(A—AY) (1) coiiiiiiiiiiiiiiiiiieee 3p

Dar det(A — A) = det(A — AY)t = det(At — A) = (—1)"det(A — AY) = —det(4 — AY)

5 AEt(A = AY) = 0 oo 3p

)
S5 AE(AZ = 1) = 0 ooeeeeee e

Nota:

IFiecare corector acordd un numdr intreg de puncte;
20rice altd rezolvare corectd se puncteazd corespunzdtor;
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PROBLEMA 2.
Se considerd sirul (ay)ns1 cu a; € (0,1) si apeq = 2% —1 pentrun > 1. Sa se calculeze:

Apy1

a.) lim a, b.) lim
n—oo n—-oo an

Gazeta matematica
Solutie:
a.) Searaticia, € (0,1), Vn € N*
Deoarece a1 — a, = 2% —1— a, <0,Vvn € N* = sirul (a,),», este strict descrescator.
deci SiTUl (Ap)ns1 €SEE COMUETGONE  .voveeiiieie ettt bbb 2p

Fiel = lim a,

n—oo

Trecand la limiti in relatia de recurents, obtinemcil= 2! -1 =1[1=0 saul=1

Cum sirul este descreSCator, | = 0. ..o e 2p
b.)
lim 241 = |jm 222 = In2
n—-oo dn n—oo an
............................................................................................................................................... 3p
Nota:

IFiecare corector acordd un numdr intreg de puncte;
20rice altd rezolvare corectd se puncteazd corespunzdtor;
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PROBLEMA 3.
Determinati toate multimle A = {A, B, C} cu proprietatile:

i) A,B,C € M,(R) nesingulare;
ii.) VX,Y € A = XY € A.

Solutie:

FieX € A, X+, = X" €e AVvn € N = Ip,q € Na.il. XP = X1

=>Xp_q=12=>12chl$X,IZchl ................................................... 2p
1) DaciX? = I,,fie A= {I,,X,Y} = {I,,X,Y?, XY} = {X,],,XY}

Deci, XY =Y =Y = L, contradictie ...........ccooiuiiiiiiiiiiiiiiie i Ip
2) DacaX? # I, cumX? # X = X3 =1, deci, A = {I;,X,X?} oooiiiiiiiiiiinl 1p

Determinim toate matricele X cu X3 = I,
detX) =1, X>-Tr(X)' X+ L, =0, =2 X*=Tr(X): X—- I, =
XB=Tr(X) X2 —-X=>L=TrX)Tr(X)X—-L)—X > Trx)?*-DX= TrX)+ 11,

DacA Tr(X) = -1 = X2+ X+ I, = 0,

. _(a b a+d= -1 s e g .
FieX = (c d) = {ad Cbe =1 = exista o infinitate de matrice X ..................... 2p
Daca TT'(X) = -1 = (TT(X) — 1)X =1, = X= m - I Sl
det(x) =1 = (Tr(;) 1) =1 = Tr(x) =2sauTr(x) = 0 caz care nu convine ......... Ip

Nota:

IFiecare corector acordd un numdr intreg de puncte;
20rice altd rezolvare corectd se puncteazd corespunzdtor;
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PROBLEMA 4.

Fie f,g : [0,1] = R doua functii monotone. Sa se arate ca existd ¢ € (0,1] astfel incat:

flc)+g(c) + sin%

Procedam prin reducere la absurd

Presupunem
fx)+gkx) = sini VX € (0,1] oo 2p
Fie sirul
1
(Xpnzrcuxy, = 7——n =21 = sin—= (-1)" vne N’
5 + nn Xn
Sirul (V)1 Yn = (—1)™ nu este convergent (1) oo 2p

Fie sirurile (ap)ns1 Si (bp)ns1,unde a, = f(x,) si b, = g(x,) Vn =1 sunt monotone si

MArZINIte, dECT CONMVEIZENLIE. ...eiiuiiiiiiiiiieiieriieeteeette et eeette et e stteebeesiteebeesseeesbeesseesnbeesaeeensesanneeannes 2p
Asadar (a,, + by)ns1, este convergent contradictic Cu (1). ..ocoveververieireniereieee e 1p
Nota:

IFiecare corector acordd un numdr intreg de puncte;
20rice altd rezolvare corectd se puncteazd corespunzdtor;



