OLIMPIADA NATIONALA DE MATEMATICA
Etapa locald - 01. 02. 2020
BAREM DE CORECTARE - Clasaa IX -a

PROBLEMA 1.

Sd se determine functiile f: N* — R cu proprietatea :

fO+2-f2)+3-fB)+..+n-fn)=f(n+1)—1,VneN"”

Solutie.

Pentru n=1 relatia devine f(2) = 1+ f(1). (1 punct)
Pentru n=2 relatia devine f(1) + 2f(2) = f(3) — 1 & f(3) = 3(1 + f(1)). (1 punct)
Pentru n=3 relatia data conduce la f(4) = 12- (1 + f(1)). (1 punct)

Prin inductie se aratd ca f(n) = %’(1 +f(1)), pentru oricen > 2. (unde n!=1-2-..-n)

(3 puncte)
Notand f(1)=a, unde a este un numar real, rezulta ca functiile cautate sunt:
i a n=1
f:N —>R,f(n)={n!(c;+l), n>2" (1 punct)

Nota:

IFiecare corector acordd un numdr intreg de puncte;
20rice altd rezolvare corectd se puncteazd corespunzdtor;
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PROBLEMA 2.

Sa se rezolve in R ecuatia:

Vx2+31x+ Vx+31 =x+ Vx+8

Solutie:

Jx(x+31)+ Vx+31 =Vx(Wx+ 1)+8
Vx+31 (Vx+ 1) =vVx(Wx+ 1) +8

Wx+1) (Vx+31 — Vx)=8

notim a= +Vx+31 sib= x

{(b+1)(a—b)=8 @{(b+1)(a—b)=8

a’? — b? = 31 (a—b)(a+b)=31
b+1 8 23b + 31

dar a#b = = — oa= = 15b%> +46b —33 =0
a+b 31 8

b = 11 b = 3 9

1 = 31 2 — 5 :X—ZS

Nota:

2p

2p

2p

1p

IFiecare corector acordd un numdr intreg de puncte;
20rice altd rezolvare corectd se puncteazd corespunzdtor;
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PROBLEMA 3.

Fie rombul ABCD si punctele M € (AB),N € (BC), P € (CD). Sa se arate ca centrul de greutate al
triunghiului MNP apartine dreptei AC daca si numai daca AM + DP = BN.

Solutie:
Fie R mijlocul lui [NP] iar MR N AC = {G}
MG

Consideram TR =k, AB = aq, ter tee ees nee ees es ee e nee ees ee sae ees nee ees ee se ees ee aes see see een nee aes ee s LD
6= —— i+ ——ap -~ Mg K 1oy, ap
14k 1+k" 14k a 1+k 2
- AME . X (4B + BN)+ — " (4D + DP)
“1+koa 2(1+ k) 2(1+ k)
= AB + AB + k 5V ¢ + k AD + k__DP e
T (1+ka 2(1+ k) 2(1+k) a 2(1+k) 2(1+k) a
_( AM N k N kDP >_,+( kBN 4 k )ﬁ )
“\A+r0a’ 20+k) " 2a(d+k) 2a(1+k) " 20+ k) B 4

_ — ——

AC = AB + AD

AM__k _ kDP__ kBN  k
(1+ka 2(1+k)  2a(1+k) 2a(l+k)  2(1+k

E,R coliniari &

AM N kDP kBN
(1+k)a 2a(1+k) 2a(l+k)

k k
AM 4 5DP = SBN (5 o 2 3P

()
G centrude greutate & k=2 S AM +DP = BN ....ccoiiiiiiiiiiiiiiiiiiiiiiiiiiii, 1p

Nota:

IFiecare corector acordd un numdr intreg de puncte;
20rice altd rezolvare corectd se puncteazd corespunzdtor;
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PROBLEMA 4.

1. Se daunumerelex,y,z > 0pentrucarex +y + 2z = 2.

o . X=y y—-z zZ—X
a) Sase demonstreze ca + + =0
xXy+2z VZ+2x zZx+2y
o v z 9
b) Sa se demonstreze ca 4 > -
Xy+2z VZ+2x zZxX+2y 8

Barem
a)
x—y y—z Z-x x—y y—z zZ—x _ x-y y—z
xy+2z  yz+2x = zx+3y - xy+(x+y+z)z  yz+(x+y+z)x  zx+(x+y+z)y - (x+z)(y+z) (x+y)(x+2)
zZ—x _ x2—y?4y2-72472—x2 0 3p
G (12) Gt 1Dy 12)  reeererereeeerearerraraeraes
) x y z 0y z x — x y z 1( x+y +
xy+2z = yz+2x = zx+2y - xy+2z = yz+2x = zx+2y xy+2z = yz+2x = zx+2y T2 (x+z)(y+2)
y+z zZ+x )
.......................................... 1
Geis T wmos) Y P
Notam.x+y=a,y+z=b,z+x=c,a,b,c >0
1(a b c 1 a®+b%+c? _ 1 ab+ac+bc 11 , 1 1
O B N 1 T s 1
2(bc+ac+ab) 2 abc 2 abc 2a+b+c () P
1.1.1
PR 3 1 1,19
a b c
G2 > —— = -+ =4+ === (3 1
3 ~ a+b+c a+b+c_4() P
1,2),3) «x z 9
= 4 > e, 1p

xy+2z  yz+2x  zx+2y ~ 8

Nota:

IFiecare corector acordd un numdr intreg de puncte;
20rice altd rezolvare corectd se puncteazd corespunzdtor;



