OLIMPIADA NATIONALA DE MATEMATICA
Etapa locald - 01. 02. 20120
BAREM DE CORECTARE - Clasa a IX —a

PROBLEMA 1.

34 se determine functiile f:N* — R cu proprietatea :

FAD+2-fRA+3-fB3) +..+n-f(n) = f(h+1)=1,vnenN-

Solutie.
Pentru n=1 relatia devine f(2) = 1 + f(1). (1 punct)
Pentru n=2 relatia devine f(1) + 2f(2) = f3) - 1 = f(3) = 3(1+ £Q). (1 punct)
Pentru n=3 relatia datd conduce la f(4) = 12- (1 + f(). (1 punct)

Prin inductie se arat3d ca f(n) = —(1 +f(1)), pentruoricen > 2.(unde n'=1-2-...-n)

(3 puncte)
Notand f(1)=a, unde a este un numair real, rezulti c3 functiile cdutate sunt:
. an=1
TN =R f(n)= {n!(¢;+l). n>2"
.

57 Gf

Nota:

1
Fiecare corector acordG un numdr intreg de puncte;
*Orice altd rezolvare corectd se puncteazd corespunzétor;
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OLIMPIADA NATIONALA DE MATEMATICA

Etapa locald - 01. 02. 20120

BAREM DE CORECTARE - Clasa a IX —a

PROBLEMA 2.

Si se rezolve in R ecuatia:

JxZ+31x+ Vx+31 =x+ Vx+8

Solutie:

JxO+30) + Vx+31 =Vx(Vx+ 1) +8
Vx+31 (Wx+ 1) =vVx(/x+ 1) +8

Wx+1) (Vx+31 —Vx)=8

notim a= Vx+31 sib=x

{(b+1)(a—b)=8 ‘:’{(b+1)(a—b)=8

at — b2 = 31 (a—b)(a+b) =31
b+1 8 23b + 31
a+b 31

b = 11 b = 3 = 9

1= -3, b= g TXT3E

Nota:

2p

1 o v o~
zFfecare corector acordd un numdr intreg de puncte;
Orice altd rezolvare corectd se puncteazd corespunzdtor;
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OLIMPIADA NATIONALA DI MATEMATICA

Etapa locala - 01, 02, 20120

BAREM DE CORECTARE -

Clasa a IX —

PROBLEMA 3.

Fie rombul ABCD §ipunctele M € (AB),N € (BC), P
triunghiului MNP apargine dreptei AC dacd §i numai dacd AM + DI = BN.

Solutie:

Fie R mijlocul lui [NP] iar MR N AC = {G)

C ns .d . . ’\ A B —
[AY < ',

€ (CD). Sa se arate ¢d centrul de greutate al

AC=— AM+—7F = rT 1(AN+AP)
T TR TIvk @ 1+k 2
- —— My X B+ BN+ - @+ 5F)
T 1+k a 2(1 + k) 2(1+ k)
__AM o ko k BN oo,k —  k  DP
T (1+k)a 2(1+ k) 2(1+k) a 2(1+ k) 2(1+k) a
_( AM 4 k N kDP ) ATE"+( kBN k YTl
A+ka 20+ 2a0+ 0 2a(l+ k) 20+ k))
AC = AB + AD
T AM k kDP kBN k
G,AC coliniari + + e
(+ka” 2(0+k) " 2a(+k)  2a(1+ 0 T 20+ 1)

AM___kDP kBN
(1+k)a 2a(1+k) 2a(1+k)

AM+kDP—kBN
2 2

G centrude greutate & k=2 < AM + DP =

=

BN

quok

*Fiecare corector acordd un numdr intreg de puncte;
*Orice altd rezolvare corectd se puncteazi corespunzdtor;
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OLIMPIADA NATIONALA DE MATEMATICA
Etapa locala - 01. 02. 20120
BAREM DE CORECTARE - Clasa a X —a

PROBLEMA 2,

- ST o X X 2020 ‘ZOw
Determinati x, y ¢ (0, +) astfel fncht Ig*l—|=3lg g :

y 2020 Y

Solutie:

Notlim lg x — Ig 2020 =a si lg y—=Ig 2020 =b
Avem 1g['—") =lgx=lgy=a-b. (Ip)
))

Ecuatia devine (a - b)>= -3ab ,adicia’+ab +b?=0. (3p)
Solufia unica a acestei ecuafii omogene este a =b = 0. (2p)

Deci x =y =2020. (lp)
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OLIMPIADA NATIONALA DE MATEMATICA
Etapa locala - 01. 02. 20120
BAREM DE CORECTARE - Clasa a XI —a

PROBLEMA 1.

Fie A€ M,(R"),n € N impar

Daca A+ A* = I,,,ardtati cidet(A2—1,) =0

Solutie:

det(A® = I) = det(A% — A+ AY) = det(A) - det(A — AY) (1) w.vvvoooeooooooo 2p
Dar det(A — A") = det(A — A®)® = det(A* — 4) = (—1)"det(A — AY) = —det(A — AY)

=2 det(A = A) = 0 oot 3p
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OLIMPIADA NATIONALA DE MATEN IATICA
Etapa locala - 01. 02. 20120
BAREM DE CORECTARE - Clasa a Xl —a

PROBLEMA 3.

Determinati oate multimle 4 = {4,B,C} cu proprietitile: ‘
’V
: _ a
i) A,B.C € M>(R) nesingulare; Jm ( (.lL/(
i) VXYeEd=X¢eA (AC‘
Selutte:

FieXedA X=L = X" e AVn €N = 3pgq € Na.l. X¥ = X¢
- XF 4= lz - 12 € A =a\',’2 € A

1) DacX? = L, fied = {lhX.Y} = (L X,X3,XY} = {X.1.XY)
Deci, XY =Y =Y = I, contradictie
2} DaCé4¥2 = 12 Cllm).'z =X = l\'s = 12 deCi,cﬂ = {12,4\',:Y2}

Determinam toate matricele Xcu X3 = L

det(X) =1; X2 —Tr(X)-X+ b= 0, = X3 =Tr(X)-X = I, =

X3= Tre0)-X2—X = L= Tr)Tr(X) = ) =X = (Tr(x)* = DX = Tr() + Dk
Dacsi Tr(X)= —1 = X2+X+ L =10,

FeX = a by_, atd=-1_, existd o infinitate de matrice X
c d —bc=1

1 -
Daci Tr(X) = -1 = (Tr(X) — DX =, = X=qme—y - I si

1 2
det(x)=1 = (T_r(X_)—_l) =1 = Tr(x) = 2 sau Tr(x) = 0 caz care nu convine

Nota: ‘
*Fiecare corector acordd un numar intreg de puncte;
G *Orice altd rezolvare corectd se puncteozd corespunzétor;
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OLIMPIADA NATIONALA DE MATEMATICA
Etapa locald - 01. 02. 20120
BAREM DE CORECTARE - Clasa a XII —a

PROBLEMA 2.

|
- x — m, n._, v H P
Pentru m,ne N notim / —'[x tg"xdx . Sa se calculeze Llf) !, a0 § Il)l»{g} Hyma
0

Solutie (barem de corectare)

V4
Functia tangenta este crescatoare pe [05) rezultdcd O <t1gx<tgl Yxe [(), l],

deci 0<1g™x < (tgl)m“ Vxe [0, I] ....................................................... 1p
| —_— I ([g ] )2“2()
) .
Atunci 0< 1,0 = Ix’"rgl“z"xdx <(1g1) J'x"'dx =—"——->0,=1lim/,,,, =0
0 1] m+] "o
........................................................................................................... 2p
.. T
Fie @ € Rastfel INCAt — < O K v verveecrvsvsvsievssssvssssssssssasnssessens 1p
I I 1 1
Rezultd I, = Ixtg”xdx > _[xtg"xdx > a_"zg”xclx > aJ.lg"adx =a1g"a(1- a) ... 2p
0 a 96 06

Cum tga>1si l-a>0 avem lim/, =

Nota: -
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OLIMPIADA NATIONALA DE MATEMATICA
Etapa locala - 01. 62. 20120
BAREM DE CORECTARE - Clasa a XII —a

PROBLEMA 3.

Consideram H;, H,, Hy subgrupuri ale luj (C", -) avind m, n respectiv p elemente, unde (m,n) = I,

(np)=15i(mp)=1.Sa se determine numarul elementelor multimimii H, U H, U Hi.

Solutie:

H subgrup cu n elemente a lui (C*, )

H={t,x,.., x,} = H= {xx,x%,,..., xx, )} = {21, %5,..., %} pentru Vx e H =
= (x))(xx3) . (xxp) = 2123 .00 Xy = 5" =1 = H=Up e .. 2D
Daca (m,n) = 1 si x, radicina comuni a ecuatiilor

M=1six"=1= 3kl €Zsil=km+In=

Xg = X5 = TV (AN = 1 . core ines sossmsaasianemss d 3P
Daci notam n(A ) numirul de elemente ale multimii A=
n(Hy UH, UH,;) =

= n(H,) + n(H;) + n(H3) —n(H,N H;) —n(H1N H3) — n(H,N H3) + n(H,N H,N Hs)

—m+n+p+2

i S ()

Noti:
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